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Figure 1. Cross sections of the last closed magnetic surface in four
equally spaced toroidal angles for the Np = 4 and Ap = 8 QHS.

A representative configuration is shown in figure 1 whose
boundary shape may be approximated by eight terms in the
Garabedian representation [6]

R + iZ = e2! iu
!

"m,ne!2! i(mu!nv) : (1)

"2,1 = !0.596, "1,1 = 0.595, "!1,!1 = 0.287, "1,!1 =
0.105, "3,1 = 0.089, "2,2 = !0.073, "1,2 = 0.073 and
"0,1 = 0.050. In this representation the term defining the
minor radius, "0,0, is normalized to 1.0. In equation (1),
R and Z are the radial and axial components of cylindrical
coordinates, m and n are the poloidal and toroidal mode
numbers, and u and v are the normalized poloidal and toroidal
angle-like variables, 0 ! u < 1, 0 ! v < 1 (2!u = # ,
2!v/Np = $, # and $ are the poloidal and toroidal angles,
respectively). The nearly identical values of "2,1 and "1,1

lead to elongated shapes in almost all cross sections, giving a
distinctive signature to this class of configurations. The top and
perspective views of the configuration are shown in figure 2
with the variation of the magnetic field strength illustrated. The
large "1,1 generates a large torsion for the magnetic axis so
that the rotational transform is large, "1.25, or 0.32 per field
period, in the absence of the plasma pressure. The rotational
transform is nearly uniform throughout the plasma volume.
The radial dependence of the rotational transform is given in
figure 3 in which we also show a possible variation of the
rotational transform when the pressure and bootstrap currents
are included at 4% %. Details of the rotational transform at a
finite pressure depend on the temperature and density profiles.
The pressure profile used in figure 3 is taken from NCSX [7]
in the form

p(s) = (1 ! s2.23)1.84 (2)

where s is the normalized toroidal flux. The bootstrap current
was calculated using the BOOTSJ code [8] which is applicable
in the low collisionality regime. We have assumed a flat density
profile with n0Rp/T 2

0 " 0.05 (or equivalently &# " 0.01)

where n0 and T0 are the central density and temperature and
Rp is the plasma major radius. Iterations between BOOTSJ
and VMEC equilibrium calculations were carried out until
a consistent solution was found. The current density profile

Figure 2. Top and perspective views of the Np = 4, Ap = 8 QHS
with the magnetic field strength shown in coloured contours.

Figure 3. Rotational transform for the Np = 4, Ap = 8 QHS as a
function of the normalized toroidal flux (" r2/a2

p). The dotted curve
is the transform due to the shaping without the plasma and the solid
curve includes the effects of pressure and currents at % " 4%.

used to arrive at the rotational transform shown in figure 3 is
given in figure 4. The magnitude of the current, Ip/RpB, is
"0.012 MA m!1 T!1, giving an internally generated rotational
transform "0.07 at r/ap " 70%. The direction of the current
is such that the internally generated rotational transform
opposes the externally supplied one. The radial profile of the
rotational transform decreases from "1.3 at the magnetic axis
to "1.1 near the edge at 4% %. A second order resonance
corresponding to the poloidal mode numberm = 7 and toroidal
mode number n = 8 appears at about 80% of the radius whose
effect on the quality of flux surfaces is shown in figure 5
based on PIES [9] calculations. The island width due to
this resonance is very small and is not resolved in the PIES
calculation. The loss of flux is essentially negligible within
the framework of fixed-boundary calculations. The external
shaping of the plasma provides a magnetic well of "0.6%.
The well deepens to "5.5% at 4% %.

The quasi-helical nature of the configuration may be
understood by examining the residues in the magnetic
spectrum defined as the non-helical components in the Fourier
spectrum in a coordinate system in which the Jacobian is
proportional to 1/B2, the so-called Boozer coordinates [10].
It may also be checked by examining the contours of field
strength B on flux surfaces. Examples are given in figure 6
for the residues as a function of the plasma radius. In this
figure the dominant helical component B1,1 is also included for
comparison. Here, we represent the magnetic field harmonics
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Figure 1. Cross sections of the last closed magnetic surface in four equal toroidal angles over half period for example 2-, 3- and 4-field
period configurations ((a), (b) and (c), respectively) with ! ! 0.1 per field period.

Figure 2. Cross sections of the last closed magnetic surface in four equal toroidal angles over half period for example 2-, 3- and 4-field
period configurations with ! ! 0.15 per field period.

Table 1. Boundary coefficients, "m,n, for 2-, 3- and 4-field period
configurations with ! = 0.1 per field period.

m n Np = 2 Np = 3 Np = 4

"1 "1 0.109 0.087 0.065
"1 0 0.100 0.119 0.189

0 0 1.000 1.000 1.000
0 1 0.108 0.099 0.090
1 0 3.445 5.178 7.008
1 1 0.171 0.107 0.122
1 2 "0.020 "0.035 "0.031
2 "1 0.052 0.049 0.055
2 0 "0.321 "0.313 "0.313
2 1 "0.345 "0.350 "0.359
2 2 "0.021 "0.019 "0.010
3 "1 "0.014 "0.020 "0.014
3 0 0.115 0.132 0.135
3 1 0.080 0.069 0.053
3 2 0.062 0.061 0.073
4 0 "0.049 "0.002 "0.025
4 1 "0.050 0.000 "0.009
4 3 "0.028 "0.017 "0.022

these two field-period configurations the increased shaping
also comes from other triangular and square terms in addition
to ""1,"1, leading to a more rectangular-like cross section at
the beginning of a field period for the ! ! 0, 1 case and a more
pointed cross section at the half period for the ! ! 0.15 case.

Having obtained the base set of configurations, we then
further expand the space by increasing and decreasing aspect
ratios for both levels of rotational transform. For two field

Table 2. Boundary coefficients, "m,n, for 2-, 3- and 4-field period
configurations with ! = 0.15 per field period.

m n Np = 2 Np = 3 Np = 4

"1 "1 0.240 0.226 0.226
"1 0 0.071 0.132 0.132

0 0 1.000 1.000 1.000
0 1 0.041 0.003 0.003
1 "1 0.076 0.015 0.015
1 0 3.832 5.747 7.663
1 1 0.160 0.023 0.023
2 "1 0.014 0.014 0.014
2 0 "0.213 "0.158 "0.158
2 1 "0.406 "0.385 "0.385
3 0 0.061 0.090 0.090
3 1 "0.025 0.028 0.028
3 2 0.048 0.069 0.069
4 0 "0.001 "0.035 "0.035
4 2 "0.026 "0.014 "0.014
4 3 "0.037 "0.021 "0.021

periods it covers from 3 to 6, for three field periods from 4
to 8 and for four periods from 6 to 12. Figures 3 and 4 show
configurations of three field periods with aspect ratios 4, 6 and
8 for ! ! 0.1 and ! ! 0.15, respectively.

We must emphasize that these are not the only possible
configurations, nor are they all that satisfactory in every
respect. Our use of the three-field period configuration as the
reference point for developing configurations of other field
periods and aspect ratios constrains the landscape that can be
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tional space. The boundary representation used for Helias 
equilibria (see Ref. 6) appears to provide a suitable con- 
figuration space. 

For the optimization of Helias configurations, the fol- 
lowing set of criteria’ was used: 

( 1) high quality of vacuum field magnetic surfaces 
(sufficiently small relative thickness Ai, of islands); 

(2) good finite beta equilibrium properties (sufficiently 
high & 1; 

(3) good MHD stability properties (sufficiently high 
&tab); 

(4) small neoclassical transport in the I/Y regime 
(small equivalent ripple 6,); 

(5) small bootstrap current in the lmfp regime 
(~BS,stell/~BS,tok Sufficiently Small ) ; 

(6) good collisionless a-particle containment (fraction 
of prompt loss f, sufficiently small); and 

(7) good modular coil feasibility (sufficiently large dis- 
tances from the plasma A, and radii of curvature R, of the 
coils). The constructiveness of this set of classical physics 
goals in connection with an optimization procedure results 
from the dimensionless goodness parameters as indicated 
above. 

Criteria 1 and 7 are taken into account by solving He- 
lias boundary value problems with constraints on the shap- 
ing parameters. Criteria 2 and 3 are satisfied by maintain- 
ing resistive interchange and ballooning stability at (0) 
~0.05 for configurations with five periods and aspect ratio 
of approximately 10. While maintaining resistive inter- 
change stability is directly incorporated into the optimiza- 
tion, ballooning stability is taken into account through its 
driving terms.’ Criteria 4, 5, and 6 are taken into account 
by optimizing the structure of B( f3,#) in magnetic coordi- 
nates. This optimization procedure constitutes an inner 
loop of optimization. 

The evaluation of ballooning stability and of the three 
neoclassical properties 4, 5, and 6 leads to an iteration of 
this inner loop until satisfactory properties are found. 
GoodneSS parameters Ais, & &tab, 6, JBS,stedJBS,tok9 f, 
that can be achieved simultaneously are: 0.1, 0.05, 0.05, 
0.01, 0.1, 0.1, as reported in Ref. 8. 

A further optimization loop is given by the computa- 
tional search for optimal modular coils generating the 
magnetic field found by the procedure as described above. 
The basic element of this search, again, is a boundary value 
problem, namely the Neumann problem of vanishing nor- 
mal component of B at the prescribed plasma boundary 
(see Ref. IO). 

An explanation for the compatibility of the seven cri- 
teria listed above can be obtained in terms of a unified 
optimization procedure. Key ingredients are: (i) it suffices 
to consider the structure of B(@); the real space geome- 
try is a result of the optimization; (ii) the spectrum of 
B( 6,+) can be optimized; and (iii) a unified optimization 
procedure simply consists in keeping the spectrum pure 
and in minimizing the helical and toroidal curvature terms 
under the constraints of a small bootstrap current and lo- 
cation of trapped particles in the weak curvature region. 

Indeed, as shown in Ref. 11, optimization in a large 

FIG. 3. Flux surface cross section of W7-AS at (8) =0.02 (upper part) 
and of W7-X at (p) =0.05 (lower part). Shown are sections at the be- 
ginning of a period, after quarter of a period, and after half a period. 
Normalization: plasma radius approximately unity. 

(approximately 20-dimensional) space of boundary vari- 
able, in which only an ellipticity and a triangularity param- 
eter are kept fixed, with the above prescription yields the 
configuration in Fig. 3 (compared with the flux surfaces of 
W7-AS) which is nearly identical with the one obtained by 
optimization according to the seven criteria listed above. 
Figure 4 plots the structure of B( 19,$> in terms of the Fou- 
rier coefficients and compares those of W7-AS and of W7- 
X. It clearly demonstrates the spectral purity of the W7-X 
field architecture. 

Ingredient (iii) of the optimization procedure eluci- 
dates the degree of unambiguity of the optimization result. 
The major type of a qualitatively different result would be 
obtained by requiring the principal toroidal curvature term 
to be zero; this would result in quasihelically symmetric 
equilibria with a finite-bootstrap current. The solution cho- 
sen here essentially eliminates the bootstrap current as an 
alien element of stellarators proper and, on the other hand, 
achieves the other neoclassical physics requirements (prin- 
ciples 4 and 6); here it has to be noted that the good 
collisionless a-particle confinement requires a nonvanish- 
ing /3 value. 

The results shown in Figs. 1, 3, and 4 demonstrate the 
improvement from W7-AS to W7-X. Neoclassical trans- 
port is improved by approximately one order of magnitude 
(see Fig. 1). The cz-particle confinement improvement al- 
ready occurs at modest values of (0) and does not only 
consist in a reduction of the fraction of particles lost col- 
lisionlessly, but also in an increase of the confinement time 
by three orders of magnitude (see Fig. 5). Particles lost at 
this time are already collisionally slowed down so that they 
do not contribute to the energetic particle loss. 

The strong improvement of the particle orbits can best 
be seen in the orbits of barely passing particles and from 
the formation of poloidally closed drifts of localized parti- 
cles (see Fig. 6). 

The optimized configuration exhibits favorable fea- 
tures with respect to two important aspects of toroidal 
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